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Kinematical Equations
The angular velocity of B and the velocities of C and P,

follow from Eqs. (1).
3

«?=£*/*/ (4a)

(4b)

Introduction

DYNAMICS of deployment of a tethered payload from an
orbiting spacecraft has been studied by both lumped mass

and continuum models.1"3 Although both models have advan-
tages and disadvantages, the lumped-mass model is believed to
be more general in that it describes small curvature and large
elastic displacement of the tether. On the issue of control,
both tether tension control5 and tether deployment rate con-
trol4'6 have been proposed, though deployment rate control is
definitely easier to mechanize. A theory for deployment rate
control with a lumped-mass model of the tether has not been
published in the literature, to the best of the author's knowl-
edge. The present Note seeks to fill this void.

Model Description
The model is shown in Fig. 1, where spacecraft B is a rigid

body. The tether is represented by a variable number n of
spring-connected lumped-mass particles; the tether length is
equally divided into wmax number of segments when the tether
is fully deployed, with the mass of each segment lumped in
halves at its ends. The payload itself is a particle such that its
mass together with half the mass of a tether segment forms
mass m\. In essence, this is the model used in Ref. 1. Point E
represents the Earth and is assumed to be inertially fixed. Let
b\, b2, b3 denote unit vectors fixed in B.

Kane's method7 of deriving equations, which is used in this
Note, allows flexibility in the choice of generalized speeds that
describe the motion. These generalized speeds are chosen to
simplify the equations of motion and can be introduced with-
out even introducing the generalized coordinates.8 The follow-
ing choice of generalized speeds yields particularly simple
dynamical equations for the system under consideration.

Ui = <*B-bi (i = l,2,3) (la)

u3 + i = vc-bi (/ = 1,2,3) (Ib)

w3 + 3, + / = vpj -bi (i = l,2,3;y = 1,..., n) (Ic)

where WB is the angular velocity of B, vc the velocity of C (the
mass center of B)9 and VPJ the velocity of P,, they'th lumped
mass. The configuration variables are defined by the following
generalized coordinates (see Fig. 1), rather than by the inertial
coordinates of Ref. 1, for computational accuracy.

(/ = 1,2,3; y = !,...,/*) (2a)

(1 = 1,2,3) (2b)

where ppp is the vector from P0 to P,, and pEC is the vector
from E to C. The tether exits the spacecraft at point P0, given
by the offset components
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VPJ= ^u3 + 3j + ibi (j = l,...,n) (4c)
/ = i

Note that the preceding angular velocity and velocity expres-
sions would have been far more complicated had one used
Uj = QJJJ = ! » • • • » n. Substituting from Eqs. (4) and (3) in the
following

V pj = V C + <*BX /
L

;_ 3

3

/ = 1

(/ = !,..., n) (5)

leads to the equations

Zu = Pi + q3j-3 + i (i = l,2,3;y = 1,..., n) (6a)

q3j-2 — 1*4+ 3j ~~ IK* + W2^3j ~~ U3%2j] (j — ! » • • • » n) (6b)

q3j-l = 1/5 + 3J - [M5 + u3zij - UiZ3j] (j = 1,..., n) (6c)

q3j = 1/6 + 3.7 - [u6 + UiZ2j - u2z\j] (j = 1,..., n) (6d)

Equating the derivative of the position vector from E to C
with the velocity of C yields

(7a)

(7b)

(7c)

Dynamical Equations
Equations (4) can be used to calculate the angular accelera-

tion of B, the accelerations of C and Py, the partial angular
velocities7 of B, and the partial velocities7 of C and Py. The

fan + 1 = "4 - (W2<?3« + 3 - "3<?3/7 + 2)

fan + 2 = u5 - (u3q3n + i - Uiq3n + 3)

q3n + 3 = u6 -

Fig. 1 Tethered payload model.
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generalized inertia forces7 can then be written as

F; = - /,*! + (/2 - I3)u2u3

F* = -/3w3

F4* = -mB(u4

F5* = -mB(ii5 + «3t/4 -

F6* = - - M2W4)

F5*+3y = -

F6*+3/ = -

(8a)

(8W

(8c)

(8d)

(8e)

(8f)

= 1,..., «) (8g)

= 1,..., n) (8h)

= 1,..., «) (8i)

Generalized active forces7 due to gravity are computed in the
standard manner. The effects of gravitational moment on the
spacecraft B are neglected.

Ff =0 (' = 1,2,3)
,-3/2

Z3 + ij = q3n + i + Zjj

lZh
\

(/ = 1,2,3)

(/ = 1,2,3; j = !,...,«)
-3/2

(9a)

(9b)

(9c)

(9d)

(/ = 1,2,3; j = !,...,«) (9e)

Here /z is the universal gravitational constant times the mass of
the Earth. Generalized forces due to the springs representing
tether elasticity are formed, assuming that the tether cannot
sustain compression and it has extensional stiffness k per
segment of the tether.

Zl + ij — #3./-

_
ZllJ -

(/ = 1,2,3; y =2,..., n) (lOa)

= 1

= Znj-L/n

(7=2,..., n)

(7=2,..., n)

or

Zi2j=0 if Zi2j<0 (7=2,..., n)

Znj = kjZi2j/Znj (j = 2,..., «)

Ff =0 (/ = !,..., 9; « = 1)

Ff =0 (i = l,..., 6)

,2 (/ = 1,2,3; n > 2)

F|+/ (/ = l ,2,3; /z=2)

/ = — Z\3jZl + ij + Z\3J + 1 Zl + ij + 1

(/ = 1,2,3; y=2,.. . , 72-1)

Generalized forces due to the interaction force needed for
deployment are evaluated as follows:

(lla)

(10b)

(lOc)

(lOd)

(lOe)

(lOf)

(10g)

(10h)

(lOi)

(lib)

where the quantity in parentheses in the first line is the nega-
tive of the partial velocity of separation of PI from P0» which
is obtained from the expression for the relative velocity of PI
with respect to P0. From Eq. (5) one finds

-u3q2

q3)b3

By using Eqs. (6) fory = 1 in Eq. (12), one gets

(12)

(13)

Now, the partial velocities needed in Eq. (1 la) can be obtained
by inspection of Eq. (13) and the generalized forces due to
tether deployment force can be written:

\ = P2Q3 -

Ff=y, (1 = 1,2,3)

Fl+i = qi (1 = 1,2,3)

Fc
6 + i=-qi (1 = 1,2,3)

Kane's dynamical equations7 for the system are

(14a)

(14b)

(14c)

(14d)

(14e)

(14f)

F* +Ff (/ = !,..., 6 + 3/1) (15)

To these must be added an equation for deployment, which
describes how the nominal length / of the tether changes with
time. This can be written as the constraint condition

e = (16)

To facilitate the solution of the differential-algebraic equa-
tions [Eqs. (15) and (16)], one replaces Eq. (16) with its twice-
differentiated form, that is,

=0

-L (n-\)/n

(17a)

(17b)

Now Eqs. (15) can be solved together with Eqs. (17). How-
ever, due to unavoidable errors in numerical integration, this
scheme results in a violation of the constraint condition [Eq.
(16)] with time. This situation is overcome by applying Baum-
garte's9 constraint stabilization procedure, which consists in
writing the constraint equation as

e + kve + kpe = 0 (kv>0, (18)

where e is the time derivative of e in Eq. (16). Use of Eqs. (6)
in the expression for e in Eqs. (17) renders Eq. (18) into the
form written in terms of the row matrix //and column matrix

= G (19a)

= \y\ y\ y\
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Ui = [Ui U2 U3 U4 U5 W6 M7 M8 U9]T

G = -q\(u2q3-u3q2)-

(19c)

(19d)

(19e)

It turns out10 that Eqs. (15) can be written in the matrix
form

(20a)

(20b)

(20c)

(21a)

(2ib)

where F*, F«, F5 are the column matrices whose elements are
the left-hand sides of Eqs. (8-10), respectively. Eqs. (8) show
that MI, M2 are diagonal matrices. Eqs. (19) and (20) permit
the elimination of r in Eqs. (20) and the development of
explicit expressions for the dynamical equations, as follows:

(22a)

M2U2 = ~

U2=[ulQ'~u6 + 3n]T (n>2)

where Af l f M2, Cb C2, Fls F2 are defined as

O M 2 j / 2

, - 4, - C,

(22b)

«/ = [Fid) - C,(/) + j>, T/7, (i = 1 ,2,3) (22c)

u3 + , = [F,(3 + /) - C,(3 + /) + q, r]/mB (i = 1 ,2,3) (22d)

M6 + , = [F,(6 + /) - Q(6 + i) + q, T]/OT, (i = 1 ,2,3) (22e)

TENSION •' ••

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0 22.5 25.0
TIME (SEC) *103

IN-PLRNE RNGLE

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0 22.5 25.0
TIME (SEC) *103

LENGTH

w3 + 3y + / = [F2(3y -6 + i) - C2(3y - 6

(/ = 1,2,3; y =2,..., n) (22f)

where Fi(i),. d(i), F2(/), and C2(/) refer to the ith element
in the column matrices F1} C\9 F2, and C2, respectively. Note
that the derivatives of the generalized speeds are uncoupled.
This fact is primarily responsible for the speed of the numeri-
cal solution.

Numerical Simulation
Equations (6), (7), and (22) were numerically integrated for

the following parameters: satellite orbit altitude 600 n.mi.;
mB = 272 kg, /,- = 41 kg-m2, 72 •= 73 = 542 kg-m2, tether attach-
ment offset PI = —I m, payload mass 45 kg, tether length
L = 1 km, tether segment stiffness 373 N/m; constraint gains
kv = 5.0, kp = 6.32. The tether mass was divided into five
lumped masses from four tether segments when completely
deployed. The method of updating the dynamical states by
momentum conservation, as the number of particles increases
by one during deployment, was done as per the description in
Ref. i (p. 70). Figure 2 shows the plots for tether tension,
in-plane angle for the line of sight to the payload, and tether
deployed length which was prescribed via the rate control of
Rheinforth4

d/
—at

/ l< /< / 2

12<KL (23)

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0 22.5 25.0
T I M E (SEC) xlO3

Fig. 2 Numerical simulation results.

where /j and /2 are 250 and 750 m, respectively. The sharp
increase in tension in the plot, as the number of particle
masses deployed increases by one, appears to be a reflection of
the modeling of the lumped mass deployment process. The
dark band in the figure is due to plotting at 0.5-s interval
tether tension arising from longitudinal oscillations at 1.36
Hz, added on the fluctuations due to in-plane libration of
period 3750 s. The in-plane angle behavior, implying that the
tether leads the orbiting body during deployment, has been
reported in the literature.1 Results shown are for a value of
a = 0.7 in Eq. (23). Additional simulations show that the
tether becomes slack for a faster initial rate of deployment, for
example, for a = 0.8. Simulations of stationkeeping have also
been done with this model setting, dl/dt = 0.

Conclusion
A method has been presented for directly incorporating a

deployment rate control law with a lumped-mass tether model.
The formulation is based on Kane's equations and treats the
deployment rate specification as a motion constraint, but
rather than eliminating one of the variables in terms of the
others (which yields a set of equations uncoupled in the deriva-
tives of the generalized speeds), it uses redundant coordinates
and interaction forces to derive equations coupled in these
derivatives. This device greatly reduces the computational
time, while the choice of the generalized coordinates provides
the necessary accuracy.
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Analysis of an Onboard Antenna
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Nomenclature
= antenna drive control frequency
= moment-of-inertia of antenna reflector
= antenna drive ratio = antenna beam angle/reflector

drive angle
= modal coordinate of antenna structures
= equivalent drive angle factor-reflector drive

angle/reflector displacement
= antenna drive control torque
= damping ratio of antenna support boom
= antenna drive angle
= antenna pointing error

a - modal displacement and slope, respectively, of
antenna support boom

= maximum satellite attitude rate
= eigenfrequency of antenna support boom

Introduction

I N the 1990s multibeam satellite communications systems
must be developed to achieve larger transmission capacity.

To establish these systems, large onboard antennas with high
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pointing accuracy are needed. In order to satisfy the require-
ments for high accuracy, new onboard control systems are
being closely studied around the world.

In Japan, a field experiment of multibeam satellite commu-
nications is scheduled to be performed in conjunction with the
sixth Japanese Engineering Test Satellite (ETS-VI), to be
launched in 1992. ETS-VI is a two-ton class, three-axis stabi-
lized geostationary satellite. The antenna pointing control sys-
tems on ETS-VI are now being designed. For this, the influ-
ence of dynamics on flexible structures must be considered.
This paper describes significant system design parameters and
relations between these values in the design of an onboard
antenna pointing control system for ETS-VI.

System Configuration
The configuration of the onboard antenna pointing control

system mounted on ETS-VI is shown in Fig. 1. An antenna
drive control system (ADCS) is added to a conventional atti-
tude control system (ACS). The ADCS consists of an rf sen-
sor, an antenna pointing mechanism (APM), and antenna
pointing control electronics (APE). The most important func-
tion of the ADCS is to point an antenna beam in the direction
of a beacon transmitted from an Earth station and thereby
minimize pointing errors residual in the antenna structures
and the ACS. Since the rf sensor consists of a sensor feed and
a reflector in common with the communications system,
pointing errors of the reflector can be easily detected. An
antenna beam can be shifted individually in orbit by rotating
the subreflector with the APM.

Drive Methods
Two methods of antenna pointing control are currently

used: a main-reflector drive and a subreflector drive. The
main-reflector drive is electrically superior to the subreflector
drive for yielding less antenna gain loss and lower sidelobe.
This method, however, is mechanically inferior because of
high inertial load and lower eigenfrequencies. Assuming that
sinusoidal satellite attitude changes generate control errors in
the antenna drive control, the pointing control error e can be
represented as follows:

e = (1)

Figure 2 gives the relationship between maximum permissible
pointing control error as a function of control frequency for
three satellite attitude rates. The control frequency is limited
to about one-tenth of the eigenfrequency of the antenna re-
flector that is driven, to prevent the antenna structures from
resonating. In our preliminary assessment of the structures,
eigenfrequencies of the main reflector and the subreflector are
about 2 and 10 Hz, respectively. As the maximum attitude rate
of a two-ton class satellite is about 0.001 deg/s, the subreflec-
tor drive is preferable in order to achieve a pointing control
accuracy of 0.001 deg.

Antenna drive
control svstem

Beacon

Satellte attitude
control svstem

y reflector/ |
\ / Antenna pointing
^ / control electronics

A. 4

L^> Tracking 1 I
Feed horn receiver \

( 1

Satellite
main body

Sunsensor
Wheel
Thruster

|RF sensor |

Fig. 1 Configuration of the antenna pointing control system.


